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Abstract: We perform a resurgence analysis of the SU(2) Chern-Simons partition function
on a Brieksorn homology sphere Σ(2, 5, 7). Starting from an exact Chern-Simons partition
function, we study the Borel resummation of its perturbative expansion.
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1. Introduction
We perform a resurgence analysis of the SU(2) Chern-Simons partition function on a Birek-
sorn homology sphere, following [1]. Consider the Chern-Simons action with a gauge group
G on a 3-manifold M3:
CS(A) =
1
8pi2
∫
M3
A ∧ dA+ 2
3
A ∧A ∧A,
where A is a Lie algebra (adG) valued 1-form on M3. Classical solutions of this action are
the flat connections, satisfying FA = dA+ A ∧ A = 0. The Chern-Simons partition function
at level k can be expanded with a perturbation parameter 1/k, around the flat connections:
ZCS(M3) =
∑
α∈Mflat(M3,G)
e2piikCS(α)Zpertα . (1.1)
Above, Mflat(M3, G) is the moduli space of flat G-connections on M3, and we have assumed
a discrete moduli space. When k is an integer, CS(A) is only defined modulo 1.
The exact partition function ZCS(M3) =
∫ DAe2piikCS(A) can be recovered from its per-
turbative expansion by a resurgence analysis of Jean E´calle [2]. We first analytically con-
tinue k to compex values and apply the method of steepest descent. Then, perform a Borel
– 1 –
transformation and resummation of the perturbative partition function, to recover the exact
partition function. Surprisingly, the exact partition function is now written as a linear sum
of the “homological blocks” [1]:
ZCS(M3) =
∑
a abelian
e2piikCS(α)Za. (1.2)
Above, Za gets contributions from both the abelian flat connection a and the irreducible
flat connections. In [3], it was proposed that the partition function in this form allows a
“categorification,” in a sense that it is a “S-transform” of a vector whose entries are integer-
coefficient Laurent series in q = e2pii/k.
In this paper, we provide a supporting example of [1]. First, we perform a resur-
gence analysis of SU(2) Chern-Simons partition function on a Brieskorn homology sphere,
M3 = Σ(2, 5, 7). We start with the exact partition function ZCS(Σ(2, 5, 7)), which is written
as a linear sum of “mock modular forms” [4]. Then, we consider its perturbative expan-
sion and perform a Borel resummation. The Borel resummation in effect recovers the full
partition function ZCS(Σ(2, 5, 7)), and we observe a Stokes phenomenon which encodes the
non-perturbative contributons to the partition function.
2. Setups for the Borel resummation in Chern-Simons theory
In this section, we provide necessary notations and setups for the Borel resummation in
Chern-Simons theory. A complete and concise review can be found in section 2 of [1].
Let us start with the exact Chern-Simons partition function ZCS(M3) =
∫ DAe2piikCS(A),
integrated over G = SU(2) connections. Next, analytically continue k to complex values
and apply the method of steepest descent on the Feynman path integral [5–14]. Then, the
integration domain is altered to a middle-dimensional cycle Γ in the moduli space of GC =
SL(2,C) connections, which is the union of the steepest descent flows from the saddle points.
To elaborate, the moduli space is the universal cover of the space of SL(2,C) connections
modulo “based” gauge transformations, in which the gauge transformations are held to be 1
at the designated points. In sum, the partition function becomes:
ZCS(M3) =
∫
Γ
DAe2piikCS(A), k ∈ C. (2.1)
2.1 Borel resummation basics
Partition function of form Equation 2.1 is interesting, for its perturbative expansion can be
regarded as a trans-series expansion, which can be Borel resummed. Let us provide here the
basics of Borel resummation, following [5]. The simplest example of a trans-series is a formal
power series solution of Euler’s equation:
dϕ
dz
+Aϕ(z) =
A
z
, ϕ0(z) =
∑
n≥0
A−nn!
zn+1
.
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One may view the above trans-series as a perturbative (in 1/z) solution to the differential
equation, but the solution has zero radius of convergence. By the Borel resummation, however,
one can recover a convergent solution. When a trans-series is of form ϕ(z) =
∑
n≥0 an/z
n
with an ∼ n!, its Borel transformation is defined as:
ϕˆ(ζ) =
∑
n≥1
an
ζn−1
(n− 1)! .
The Borel transformation ϕˆ(ζ) is analytic near the origin of ζ-plane. If we can analytically
continue ϕˆ(ζ) to a neighborhood of the positive real axis, we can perform the Laplace trans-
form:
S0ϕ(z) = a0 +
∫ ∞
0
e−zζϕˆ(ζ)dζ,
where the subscript “0” indicates that the integration contour is along the positive real axis,
{arg(z) = 0}. It can be easily checked that the asymptotics of the above integral coincides
with that of ϕ(z). When S0ϕ(z) converges in some region in the z-plane, ϕ(z) is said to be
Borel summable, and S0ϕ(z) is called the Borel sum of ϕ(z).
2.2 Chern-Simons partition function as a trans-series
Saddle points of the Chern-Simons action form the moduli space of flat connections M˜ , whose
connected components M˜α˜ are indexed by their “instanton numbers,”
α˜ = (α,CS(α˜)) ∈Mflat(M3, SL(2,C))× Z.
Here, CS(α˜) denotes the value of Chern-Simons action at α, without moding out by 1.
Following [1], we will call a flat connection abelian (irreducible, resp.), if the stabilizer is
SU(2) or U(1) ({±1}, resp.) action on Hom(pi1(M3), SU(2)).
Now, let Γα˜ be the union of steepest descent flows in M˜ , starting from α˜. The integration
cycle Γ is then given by a linear sum of these “Lefshetz thimbles.”
Γ =
∑
α˜
nα˜,θΓα˜,θ, (2.2)
where θ = arg(k), and nα˜,θ ∈ Z are the trans-series parameters, given by the pairing between
the submanifolds of steepest descent and ascent. The value of θ is adjusted so that there is no
steepest descent flow between the saddle points. Let Iα˜,θ be the contribution from a Lefshetz
thimble Γα˜,θ to ZCS(M3) in Equation 2.1:
Iα˜,θ =
∫
Γα˜,θ
DAe2piikCS(A),
which can be expanded in 1/k near α˜ as:
Iα˜,θ ∼ e2piikCS(α˜)Zpertα , where Zpertα =
∞∑
n=0
aαnk
−n+(dα−3)/2, dα = dimCM˜α˜.
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In sum, we can write the Chern-Simons partition function in the form:
ZCS(M3; k) =
∑
α˜
nα˜,θIα˜,θ ∼
∑
α˜
nα˜,θe
2piikCS(α˜)Zpertα (k), (2.3)
which is a trans-series expansion of the Chern-Simons partition function. From the asymp-
totics given by this trans-series, we can apply Borel resummation and recover the full Chern-
Simons partition function. Note that Equation 2.3 depends on the choice of θ = arg(k). In
fact, as we vary θ, the value of Iα˜,θ jumps to keep the whole expression continuous in θ as
follows:
Iα˜,θα˜β˜+ = Iα˜,θα˜β˜− +m
β˜
α˜Iβ˜,θα˜β˜−. (2.4)
This is called the Stokes phenomenon, and it happens near the Stokes rays θ = θα˜β˜ ≡
1
i arg(Sα˜ − Sβ˜). The trans-series parameters nα˜,θ jump accordingly to keep ZCS(M3; k) con-
tinuous in θ. The coefficients mβ˜α˜ are called Stokes monodromy coefficients.
3. Exact partition function ZCS(Σ(2, 5, 7))
Before going into the resurgence analysis of ZCS(Σ(2, 5, 7)), let us provide here the exact
partition function ZCS(Σ(2, 5, 7)). We first compute the Witten-Reshetikhin-Turaev (WRT)
invariant τk(Σ(p1, p2, p3)) and then write the exact SU(2) Chern-Simons partition function
in terms of WRT invariants as follows:
ZCS(Σ(p1, p2, p3)) =
τk(Σ(p1, p2, p3))
τk(S2 × S1) . (3.1)
Here, k is the level of Chern-Simons theory.1
WRT invariants for Seifert homology spheres can be computed from their surgery presen-
tations [15]. In this paper, we focus on a specific type of Seifert homology spheres, the so-called
Bireskorn homology spheres. A Brieskorn manifold Σ(p1, p2, p3) is defined as an intersection
of a complex unit sphere |z1|2 + |z2|2 + |z3|2 = 1 and a hypersurface zp11 +zp22 +zp33 = 0. When
p1, p2, p3 are coprime integers, Σ(p1, p2, p3) is a homology sphere with three singular fibers.
From the surgery presentation of Σ(p1, p2, p3), we can write its WRT invariant, which can be
written a linear sum of mock modular forms [4,16]. In particular, when 1/p1+1/p2+1/p3 < 1,
we can write:
e
2pii
k
(
φ(p1,p2,p3)
4
− 1
2
)(e
2pii
k − 1)τk(Σ(p1, p2, p3)) = 1
2
Ψ˜(1,1,1)p1p2p3(1/k). (3.2)
Let us decode Equation 3.2. First of all, τk(Σ(p1, p2, p3)) is the desired WRT invariant,
normalized such that τk(S
3) = 1 and τk(S
2×S1) =
√
k
2
1
sin(pi/k) . Next, the number φ(p1, p2, p3)
1To be more precise, k must be replaced by k+ 2. However, our interest in this paper is to recover the full
partition function from a perturbative expansion in 1/k. Therefore, we will assume k to be large, and replace
k + 2 with k here.
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is defined as:
φ(p1, p2, p3) = 3− 1
p1p2p3
+ 12(s(p1p2, p3) + s(p2p3, p1) + s(p3p1, p2)),
where s(a, b) =
1
4b
b−1∑
n=1
cot(
npi
b
) cot(
napi
b
).
Finally, Ψ˜
(1,1,1)
p1p2p3 is a linear sum of mock modular forms Ψ˜
a
p1p2p3 , namely:
Ψ˜aP (1/k) =
∑
n≥0
ψa2P (n)q
n2/4P , where ψa2P (n) =
{
±1 n ≡ ±a mod 2P
0 otherwise
(3.3)
Ψ˜(1,1,1)p1p2p3(1/k) = −
1
2
∑
1,2,3=±1
123Ψ˜
p1p2p3(1+
∑
j j/pj)
p1p2p3 (1/k), (3.4)
where q in Equation 3.3 is given by e2pii/k.
Now, let us restrict ourselves to (p1, p2, p3) = (2, 5, 7). First of all, p1 = 2, p2 = 5, p3 = 7
are relatively prime, so Σ(2, 5, 7) is a homology sphere. Next, 1/p1 + 1/p2 + 1/p3 < 1, so we
can write the WRT invariant as a linear sum of mock modular forms:
e
2pii
k
(
φ(2,5,7)
4
− 1
2
)(e
2pii
k − 1)τk(Σ(2, 5, 7)) = 1
2
Ψ˜
(1,1,1)
70 (1/k)
=
1
2
(Ψ˜1170 − Ψ˜3170 − Ψ˜3970 + Ψ˜5970)(1/k), (3.5)
where φ(2, 5, 7) = −1970 . From Equation 3.1 and 3.5, we can explicitly write the exact Chern-
Simons partition function ZCS(Σ(2, 5, 7)) as follows:
ZCS(Σ(2, 5, 7)) =
1
iqφ(2,5,7)/4
√
8k
(Ψ˜1170 − Ψ˜3170 − Ψ˜3970 + Ψ˜5970)(1/k). (3.6)
4. Asymptotics of ZCS(Σ(2, 5, 7))
Before proceeding to the Borel transform and resummation of the exact partition function,
let us briefly consider the its asymptotics in the large k limit. This can be most easily done
by considering the “mock modular” property of mock modular forms:
Ψ˜ap(q) = −
√
k
i
p−1∑
b=1
√
2
p
sin
piab
p
Ψ˜bp(e
−2piik) +
∑
n≥0
L(−2n, ψa2p)
n!
(
pii
2pk
)n
, (4.1)
where L(−n, ψa2p) = −
(2p)n
n+ 1
2p∑
m=1
ψa2p(m)Bn+1
(
m
2p
)
, (4.2)
and Bn+1 stands for the (n+ 1)-th Bernoulli polynomial. For integer values of k,
Ψ˜bp(e
−2piik) = (1− bp)e−
2piikb2
2p ,
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and in large k limit, we may consider the second summation in Equation 4.1 as “perturba-
tive” contributions, while the first summation standing for “non-perturbative” contributions.
Therefore, the asymptotics of ZCS(Σ(2, 5, 7)) can be written as (p = 70, below):
iq−19/280
√
8kZCS(Σ(2, 5, 7)) =
−
√
k
i
70−1∑
b=1
√
2
70
(
sin
11bpi
70
− sin 31bpi
70
− sin 39bpi
70
+ sin
59bpi
70
)
(1− bp)e−
2piikb2
4p
+ iq−19/280
√
8kZpert(1/k), (4.3)
where the perturbative contributions iq−19/280
√
8kZpert(1/k) can be explicitly written as:
Zpert(1/k) = Z
11
pert(1/k)− Z31pert(1/k)− Z39pert(1/k) + Z59pert(1/k),
where i
√
8q−19/280Zapert(1/k) =
∑
n≥0
ban
kn+1/2
for a = 11, 31, 39, 59
and ban =
L(−2n, ψa2p)
n!
(
pii
2p
)n
. (4.4)
One can easily see that the sum
(
sin 11bpi70 −sin 31bpi70 −sin 39bpi70 +sin 59bpi70
)
in Equation 4.3 is
nonzero if and only if b is not divisible by 2, 5 or 7. We will later see that these b’s correspond
to the positions of the poles in the Borel plane.
5. Resurgence analysis of ZCS(Σ(2, 5, 7))
In this section, we perform a resurgence analysis of the partition function and decompose
ZCS(M(2, 5, 7)) into the homological blocks:
ZCS(Σ(2, 5, 7)) =
∑
α
nαe
2piikCS(α)Zα,
where α runs over the abelian/reducible flat connections. Since Zα gets contributions from
both the abelian/reducble flat connection α and the irreducible flat connections, it is necessary
to study how the contributions from the irreducible flat connections regroup themselves into
the homological blocks. We accomplish the goal in three steps. First, we study the Borel
transform and resummation of the partition function and identify the contributions from the
irreducible flat connections. Then, the contributions from the irreducible flat connections are
shown to enter in the homological blocks via Stokes monodromy coefficients.
5.1 Borel transform and resummation of ZCS(M(2, 5, 7))
Recall that the perturbative contributions Zapert(1/k) have the following asymptotics:
i
√
8qφ(2,5,7)/4Zapert(1/k) =
∑
n≥0
ban
k(n+1/2)
. (5.1)
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Now, consider its Borel transform:
BZapert(ζ) =
∑
n≥1
ban
Γ(n+ 1/2)
ζn−1/2 (5.2)
=
1√
ζ
∑
n≥0
ban
4n√
pi
n!
(2n)!
ζn
(
∵ Γ(n+ 1/2) =
√
pi
4n
(2n)!
n!
)
(5.3)
=
1√
piζ
∑
n≥0
can
n!
(2n)!
z2n, where z =
√
2pii
p
ζ. (5.4)
In the last equality, we have simply changed the variable from ζ to z and absorbed all other
factors into the coefficients can.
Although the coefficients can only appear in the perturbative piece of the partition func-
tion, we can recover the exact partition function from them. Let us first consider generating
functions which package the coefficients can:
sinh((p− a)z)
sinh(pz)
=
∑
n≥0
can
n!
(2n)!
z2n =
∑
n≥0
ψa2pe
−nz.
Now we can write the mock modular forms in an integral from, using these generating func-
tions:
sinh(p− a)η
sinh pη
=
∑
n≥0
ψa2p(n)e
−nη (5.5)
⇒
∫
iR+
dη
sinh(p− a)ζ
sinh pη
e−
kpη2
2pii =
∫
iR+
dη
∑
n≥0
ψa2p(n)e
−nηe−
kpη2
2pii (5.6)
⇒
∫
iR+
dη
sinh(p− a)η
sinh pη
e−
kpη2
2pii =
√
2pi2i
p
1√
k
Ψ˜ap(q). (5.7)
In the second line, the integral is taken along a line Re[η] =  > 0, where the integral
converges, and the third line is simply a Gaussian integral. The change of variables
ζ =
pη2
2pii
alters the integration contour from a single line to the union of two rays from the origin,
ieiδR+ and ie−iδR+. In sum,
1√
k
Ψ˜ap(q) =
1
2
(∫
ieiδR+
+
∫
ie−iδR+
)
dζ√
piζ
sinh
(
(p− a)
√
2piiζ
p
)
sinh
(
p
√
2piiζ
p
) e−kζ . (5.8)
Thus we have recovered the entire mock modular form from its perturbative expansion.
Since the partition function is a linear sum of mock modular forms, this implies that the Borel
– 7 –
resummation of BZpert will return the exact partition function. Furthermore, the poles of
generating functions sinh((p−a)z)/ sinh(pz) encodes the information of the non-perturbative
contributions, as we exhibit below.
First of all, since ZCS(Σ(2, 5, 7)) ∼ (Ψ˜1170 − Ψ˜3170 − Ψ˜3970 + Ψ˜5970)(q), the Borel transform of
Zpert is given by:
sinh(59η)− sinh(39η)− sinh(31η) + sinh(11η)
sinh(70η)
=
4 sinh(35η) sinh(14η) sinh(10η)
sinh(70η)
, (5.9)
Note that the RHS of Equation 5.9 has only simple poles at η = npii/70 for n non-divisible
by 2, 5, or 7. In particular, the poles are aligned on the imaginary axis, so we choose the
same integration contours as in Equation 5.6 - 5.8. The Borel resummation of Equation 5.9
is then the average of Borel sums along the two rays depicted in Figure 1(a):
ZCS(Σ(2, 5, 7)) =
1
2
[
Spi
2
−δZpert(1/k) + Spi
2
+δZpert(1/k)
]
. (5.10)
Re
Im
ieiδR+ie−iδR+
(a)
Re
Im
(b)
Figure 1: (a) An integration contour in the ζ-plane, made of two rays from the origin. Dots represent
the poles. (b) An equivalent integration contour. The contribution from the integration along the real
axis must be doubled.
To evaluate the RHS of Equation 5.10, we integrate along an equivalent contour in Figure
1(b). Note that as we change to the contour in Figure 1(b), a Stokes ray ie−iδR+ has crossed
the poles on the imaginary axis, towards the positive real axis. As a reult, the poles contribute
to the Borel sums with residues, which is precisely a Stokes phenomenon. Since each pole is
located at η = npii/70, its residue includes a factor of e−kζ = e−k
70η2
2pii = e2piik(−
n2
280
). Shortly,
we will exhibit that these factors precisely correspond to the Chern-Simons instanton actions,
so let us regroup the poles (n modulo 140) by their instanton actions:
• n = 9, 19, 51, 61, 79, 89, 121, 131, for which CS = − 92280 and residues {1, 1, 1, 1,−1,−1,−1,−1}
with overall factor i35(cos
3pi
35 − sin pi70).
• n = 3, 17, 53, 67, 73, 87, 123, 137, for which CS = − 32280 and residues {−1,−1,−1,−1, 1, 1, 1, 1}
with overall factor i35(cos
pi
35 + cos
6pi
35 ).
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• n = 23, 33, 37, 47, 93, 103, 107, 117, for which CS = −232280 and residues {1, 1, 1, 1,−1,−1,−1,−1}
with overall factor i35(cos
4pi
35 + sin
13pi
70 ).
• n = 13, 27, 43, 57, 83, 97, 113, 127, for which CS = −132280 and residues {−1,−1,−1,−1, 1, 1, 1, 1}
with overall factor i35(sin
3pi
70 + sin
17pi
70 ).
• n = 11, 31, 39, 59, 81, 101, 109, 129, for which CS = −112280 and residues {1,−1,−1, 1,−1, 1, 1,−1}
with overall factor i35(cos
8pi
35 + sin
9pi
70 ).
• n = 1, 29, 41, 69, 71, 99, 111, 139, for which CS = − 12280 and residues {1,−1,−1, 1,−1, 1, 1,−1}
with overall factor i35(cos
2pi
35 − sin 11pi70 ).
The top four groups of poles correspond to the four irreducible SU(2) flat connections,
while the remaining two correspond to the complex flat connections. To see this, first consider
the moduli space of flat connections Mflat(Σ(2, 5, 7), SL(2,C)). Since Σ(2, 5, 7) is a homol-
ogy 3-sphere, it has only one abelian flat connection α0, which is trivial. Next, there are
total (2−1)(5−1)(7−1)4 = 6 irreducible SL(2,C) flat connections, four of which are conjugate to
SU(2) and the remaining two are “complex” (conjugate to SL(2,R)) [17–19]. To compute
their Chern-Simons instanton actions, we characterize all six flat connections by their “rota-
tion angles,” which we will briefly explain here. Consider the following presentation of the
fundamental group of Σ(2, 5, 7).
pi1(Σ(2, 5, 7)) = 〈x1, x2, x3, h |h central, x21 = h−1, x52 = h−9, x73 = h−5, x1x2x3 = h−3〉.
(5.11)
When a representation α : pi1(Σ(2, 5, 7)) → SL(2,C) is conjugate in SU(2), α(h) is equal
to ±1, and the conjugacy classes of α(xj) can be represented in the form
( λj 0
0 λ−1j
)
for some
|λj | = 1. There are four triples (λ1, λ2, λ3) satisfying the relations in Equation 5.11:
(l1, l2, l3) = (1, 1, 3), (1, 3, 1), (1, 3, 3), (1, 3, 5) where λj = e
piilj/pj . (5.12)
Each triple corresponds to one of the four irreducible SU(2) flat connections, which we will
call α1, α2, α3 and α4. From the rotation angles of an irreducible flat connection A, we can
read off its Chern-Simons instanton action:
CS(A) = −p1p2p3
4
(1 +
∑
i
lj/pj)
2
⇒ CS(α1) = − 9
2
280
, CS(α2) = − 3
2
280
, CS(α3) = −23
2
280
, CS(α4) = −13
2
280
, (5.13)
which is in agreement with the instanton actions of the poles in the Borel plane. Likewise,
one can compute the Chern-Simons instanton actions of the two complex flat connections α5
and α6,
CS(α5) = −11
2
280
, CS(α6) = − 1
2
280
.
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Now, let us sum the residues to reproduce the non-perturbative contributions in Equation
4.3. When k is an integer, the residues from the poles SU(2) connection α1 are summed into:
i
35
(cos
3pi
35
− sin pi
70
)e−2piik
92
280
[ ∑
n≡±9 (mod 140)
±1 +
∑
n≡±19 (mod 140)
±1
+
∑
n≡±51 (mod 140)
±1 +
∑
n≡±61 (mod 140)
±1
]
. (5.14)
Via zeta-function regularization
∑
n≡±a (mod 2p)±1 = 1− ap , we can rewrite Equation 5.14 as
follows:
i
35
(cos
3pi
35
− sin pi
70
)e−2piik
92
280
(
(1− 9
70
) + (1− 19
70
) + (1− 51
70
) + (1− 61
70
)
)
=
2i
35
(cos
3pi
35
− sin pi
70
)e−2piik
92
240 = nα1Z
α1
perte
2piikCS(α1),
where nα1 is the trans-series parameter. Similarly for connections α2, α3 and α4,
• nα2Zα2perte2piikCS(α2) = − 2i35(cos pi35 + cos 6pi35 )e−2piik
32
280 .
• nα3Zα3perte2piikCS(α3) = 2i35(cos 4pi35 + sin 13pi70 )e−2piik
232
280 .
• nα4Zα4perte2piikCS(α4) = − 2i35(sin 3pi70 + sin 17pi70 )e−2piik
132
280 .
And the contributions from the two complex connections vanish. Notice that the poles
grouped by their instanton actions correspond to the b’s with non-vanishing contributions
in Equation 4.3. Furthermore, the sum of residues is proportional to the sum
(
sin 11bpi70 −
sin 31bpi70 −sin 39bpi70 +sin 59bpi70
)
at each b, so the Borel sum correctly captures the non-perturbative
contributions to the exact partition function.
6. Homological block decomposition of ZCS(Σ(2, 5, 7)) and the modular trans-
form
We conclude this paper by writing the partition function in a categorification-friendly form,
as was advertised in Equation 1.2. To summarize, we started with the exact partition function
ZCS(Σ(2, 5, 7)), considered its perturbative expansion and performed a Borel resummation.
Although our example is a homology 3-sphere and has only one abelian flat connection, more
generally the Borel sum results in a decomposition into homological blocks [1]:
ZCS(Σ(2, 5, 7)) =
∑
a
e2piiCSaZa,
where the summation runs over abelian flat connections. Each “homological block” Za gets
contributions from both the abelian flat connection a and the irreducible SU(2) flat connec-
tions. How the irreducible flat connections regroup themselves into each homological block is
– 10 –
encoded in the Stokes monodromy coefficients as follows:
ZCS(Σ(2, 5, 7)) =
1
2
[
Spi
2
−Zpert(k) + Spi
2
+Zpert(k)
]
= Zα0pert +
1
2
∑
β˜
m
(α0,0)
β˜
e2piikSβ˜Zβpert
=
∑
β˜
nβ˜,0e
2piikSβ˜Zβpert, where nβ˜ =
1 β˜ = (α0, 0)1
2m
(α0,0)
β˜
otherwise.
(6.1)
m
(α0,0)
β˜
=

1 β˜ = (α1,−n2/280), for n = 9, 19, 51, 61 (mod 140)
−1 β˜ = (α1,−n2/280), for n = 79, 89, 121, 131 (mod 140)
1 β˜ = (α2,−n2/280), for n = 73, 87, 123, 137 (mod 140)
−1 β˜ = (α2,−n2/280), for n = 3, 17, 53, 67 (mod 140)
1 β˜ = (α3,−n2/280), for n = 23, 33, 37, 47 (mod 140)
−1 β˜ = (α3,−n2/280), for n = 93, 103, 107, 117 (mod 140)
1 β˜ = (α4,−n2/280), for n = 83, 97, 113, 127 (mod 140)
−1 β˜ = (α4,−n2/280), for n = 13, 27, 43, 57 (mod 140)
1 β˜ = (α5,−n2/280), for n = 11, 59, 101, 109 (mod 140)
−1 β˜ = (α5,−n2/280), for n = 31, 39, 81, 129 (mod 140)
1 β˜ = (α6,−n2/280), for n = 1, 69, 99, 111 (mod 140)
−1 β˜ = (α6,−n2/280), for n = 29, 41, 71, 139 (mod 140)
(6.2)
The formula 6.1 holds for any Seifert manifold with three singular fibers (which includes our
example Σ(2, 5, 7)) [10]. In [3], it was conjectured that there is a “modular transform” of the
homological blocks Za, which turns it into a “categorification-friendly” form. Namely,
Za =
1
i
√
2k
∑
b
SabZˆb,
for some k-independent Sab. Above, b runs over the abelian flat connections, and each Zˆb is
an element of q∆bZ[[q]] for some ∆b ∈ Q. Suppose the exact partition function is a linear sum
of mock modular forms, and there are multiple abelian flat connections. Then, a homological
block decomposition regroups the mock modular forms (see [3] for examples.) In our example,
however, there is only one abelian flat connection α0, because Σ(2, 5, 7) is a homology sphere.
Therefore, it suffices to find Zˆα0 which is an element of q
∆α0Z[[q]]. From the exact partition
function
iqφ(2,5,7)/4
√
2kZCS(Σ(2, 5, 7)) =
1
2
(Ψ˜1170 − Ψ˜3170 − Ψ˜3970 + Ψ˜5970)(q),
and the definition of the mock modular forms
Ψ˜ap(q) =
∑
n≥0
ψa2pq
n2/4p,
– 11 –
we can easily see that the partition function is an element of q121/280Z[[q]]. Thus,
Zˆα0 = q
1/2(1− q3 − q5 + q12 + · · · ) and Sα0α0 =
1
2
.
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